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Abstract
The paper contains a construction of a definable BN-pair in a simple group of finite Morley rank
and even type with a sufficiently good system of 2-local parabolic subgroups. This provides ‘the final
identification theorem’ for simple groups of finite Morley rank and even type.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
The aim of this work is to provide ‘the final identification theorem’ for simple groups of
finite Morley rank and even type. Altınel, Borovik, Cherlin, Corredor, Jaligot, Nesin and
others carried out the classification over the years in a number of articles. The final result
of this programme [1] can be stated as follows.
Let G be a simple K*-group of finite Morley rank and even type. Then G is a simple
algebraic group over an algebraically closed field of characteristic 2.
Corollary 1.1 of the main result of the paper, Theorem 1.1, is the last step in the
classification and is used in [1].
Here, a group G of finite Morley rank is said to be of even type if Sylow 2-subgroups
in G are infinite, definable and have bounded exponent. A K*-group is a group of finite
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over algebraically closed fields. See [3] for further definitions and the initial discussion of
the problem. For a general introduction to the subject, the reader might like to see [4].
An analogue of Theorem 1.1 was proven by Niles for finite groups in [7].
From now on, G is a simple group of finite Morley rank and even type. For any Sylow
2-subgroup S of G, S◦ = 1 and thus NG(S◦)◦ is a proper subgroup; it is called a standard
Borel subgroup of G. This definition deviates from the definition of a Borel subgroup as
given in [4]. However, in the context of K*-groups, it can be easily seen that standard Borel
subgroups are maximal connected solvable subgroups of G and thus are Borel subgroups in
the sense of [4]. The subgroup generated by all connected definable 2-subgroups is denoted
by O2′(G) (and thus O2′(G) is connected by Zilber’s Indecomposibility Theorem) and
O◦2 (G) stands for the maximal connected normal 2-subgroup of G.
Theorem 1.1. Let G be a group of finite Morley rank and even type. Also assume that G
contains definable connected subgroups P1, . . . ,Pr which satisfy the following:
(1) G= 〈P1, . . . ,Pr 〉.
(2) All Pi ’s contain one fixed standard Borel subgroup BG of G and BG is solvable.
(3) If Gi := O2′(Pi) then Gi = Gi/O◦2 (Gi) ∼= SL2(Fi), where Fi is an algebraically
closed field of characteristic 2.
(4) If Gij := 〈Gi,Gj 〉 then Gij = Gij /O◦2 (Gij ) is one of the following groups:
(P )SL3(Fij ), SL2(Fij ) × SL2(F ′ij ), Sp4(Fij ), G2(Fij ), where Fij and F ′ij are
algebraically closed fields of characteristic 2.
Then G0 := 〈G1,G2, . . . ,Gr〉 is normal in G and has a definable spherical BN -pair of
Tits rank r .
Corollary 1.1. Assume that G is a simple group which satisfies all the requirements of
Theorem 1.1. Then G is a simple algebraic group over an algebraically closed field F of
characteristic 2.
Proof. By Theorem 1.1, G has a definable BN -pair of Tits rank r . Notice that if r  2,
then G/O◦2 (G) is a simple algebraic group over an algebraically closed field by the
assumptions of Theorem 1.1. Therefore we can assume that r  3. Notice also that, in
a definable spherical BN -pair, all parabolic subgroups are definable (see the discussion in
Section 2). Now we are in a position to apply [6, Theorems 5.1 and 5.3] which state that,
in this situation, G is a simple algebraic group over an algebraically closed field. ✷
2. Definitions and notation
Definition 2.1. Let G be a group, then we say that (B,N,S) forms a semi-BN -pair if B
and N are two subgroups in G and S ⊆ N/(B ∩ N) such that the following conditions
hold.
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BN2. B ∩N ✂N .
BN3. S generates N/(B ∩N) and s2 = 1 for all s ∈ S.
BN4. sBs = B for all s ∈ S.
Notation. Assume that (B,N,S) forms a semi-BN -pair for the group G and let π :N →
N/B ∩N be the natural epimorphism. For any subset A⊆ S, let NA stand for the inverse





For simplicity, we will write Nu instead of NA (also Bu instead of BA) if A= {u}. Thus
Bu = B ∩ Bu. Similarly, Nu,v and Bu,v will be used when A = {u,v}. We also use the
standard convention that if w ∈ N/(B ∩ N) and n is a preimage of w in N , then Bw
denotes the coset Bn (which does not depend on the choice of the preimage n for w).
Definition 2.2. Let G be a group, then we say that (B,N,S) forms a pairwise BN -pair
for G if (B,N,S) is a semi-BN -pair and also the following holds.
PWBN. nBs ⊆ BnB ∪BnsB for all u,v ∈ S, n ∈Nu,v , and s ∈ {u,v}.
Definition 2.3. Let G be a group, then we say that (B,N,S) forms a BN -pair for G if
(B,N,S) is a semi-BN -pair and also the following holds.
BN5. nBs ⊆ BnB ∪BnsB for all n ∈N and s ∈ S.
Definition 2.4. We say that a BN -pair B,N in a group G of finite Morley rank is definable
if the subgroup B is definable in G.
Definition 2.5. The group W =N/B ∩N is called the Weyl group. A BN -pair is spherical
if its Weyl group is finite. If R ⊆ S, denote NR = 〈B ∩N,R〉 and WR =NR/B ∩N . It is
well known (and easily follows from BN5) that PR = BNRB is a subgroup (known as a






and therefore is definable.
Definition 2.6. The cardinality of the set S is called the (Tits) rank of the BN -pair
(B,N,S).
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The following fact from [7] will be used to prove Theorem 1.1.
Theorem 3.1 (Niles [7, Theorem A]). Let G be an arbitrary group and assume that G
satisfies the following conditions.
(1) There exists a triple (B,N,S) which forms a pairwise BN -pair for G.
(2) Set H := B ∩ N . If X is an H -invariant subgroup of B such that B = XBs and
B =XBt , then B =XBs,t .
Then (B,N,S) forms a BN -pair for G.
From now on, we work under the hypothesis and notation of Theorem 1.1.
Notation. Recall that BG stands for the standard Borel subgroup contained in all Pi ’s.
Let U be a Sylow 2-subgroup of BG. By the definition of a standard Borel subgroup,
U ✂ BG. Let H be a connected subgroup of BG without any involutions which satisfies
BG = HU . Such a subgroup H exists by the Schur–Zassenhaus Theorem for groups of
finite Morley rank, see [4, Theorem 9.32]. We defined Gi :=O2′(Pi). Recall that Gi is a
connected group. Since U < Gi , we have by the Frattini argument [4, Corollary 10.12]
that Pi = Gi · NPi (U). It follows that NPi (U) = BG. Then Pi = GiBG = GiH . We
define further Ni :=NGi (H) and Bi :=NGi (U), so that BG = BiH for all 1 i  r . Set
B := 〈Bi 〉ri=1,N := 〈Ni〉ri=1, and Pij := 〈Pi,Pj 〉. Notice that sinceGi/O◦2 (Gi) SL2(Fi),
the groups Bi are definable and connected and B is also definable and connected by a
version of Zilber’s Indecomposability Theorem [4, Corollary 5.28]. The group Gij was
defined as 〈Gi,Gj 〉. Notice that Pij = 〈GiH,GjH 〉 =GijH and since H normalizes Gi
and Gj , we can conclude that Gij ✁ Pij . Hence Gij =O2′(Pij ).
Lemma 3.1.
(1) The image of Ni in Gi =Gi/O◦2 (Gi)∼= SL2(F ) is the normalizer of a maximal torus.
(2) G0 = 〈B,N〉.
(3) G0 is normal in G.
Proof. (1) Let X stand for the image of a subgroup X GiH in GiH/O◦2(Gi). Since the
group Gi ∼= SL2(Fi) does not allow non-trivial definable groups of outer automorphisms
[4, Theorem 8.4], P i =Ki ×Gi where Ki is the kernel of the induced action of H on Gi
by conjugation. Denote by N˜ the full preimage of NGi (H) in Gi . Then HO◦2(Gi) ✁ N˜
and Ni  N˜ . All complements to O◦2 (Gi) in the solvable group HO◦2(Gi) are conjugate
in O◦2 (Gi) by the Schur–Zassenhaus Theorem [4, Theorem 9.32]. Now, if n ∈ N˜ then
Hn = Ht for some t ∈ O◦(Gi) and nt−1 ∈ NN˜(H). Hence n ∈ NN˜(H)O◦(Gi) and2 2
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of a maximal torus in Gi .
(2) By part (1), Gi = 〈Bi,Ni〉 for all 1 i  r . Then
〈B,N〉 = 〈B1, . . . ,Br ,N1, . . . ,Nr 〉 = 〈G1, . . . ,Gr 〉 =G0
easily follows.
(3) It is enough to show that each Pi normalizes G0, since G= 〈P1, . . . ,Pr 〉. Note that
Pi  Pij and hence Pi normalizes each Gij = 〈Gi,Gj 〉. Thus the result follows. ✷
Lemma 3.2. G0 has a BN -pair of Tits rank r .
Proof. Let us first check that G0 satisfies the conditions BN1–BN4 and PWBN.
BN1. G0 = 〈B,N〉.
This is Lemma 3.1(2).
BN2. B ∩N is normal in N .
First note that N normalizes H and hence B ∩ N ⊆ NB(H). Now let us prove that
NB(H) ⊆ B ∩ N , to get the equality. Since H normalizes U and U ∩ H = 1, we have
CU(H) = NU(H). Furthermore, NU(H)  NGi (H)  N , NB(H) = (H ∩ B)CU(H) ⊆
B∩N follows. Thus we proved thatB∩N =NB(H)= CU(H)(B∩H). Set Hi =H ∩Gi .
Now note that CU(H)  CU(Hi)  O◦2 (Gi) since CU(Hi) = 1 with the notation of the
proof of Lemma 3.1. It is easy to check that Ni normalizes CO◦2 (Gi)(H)= CU(H). Thus
N normalizes CU(H) and hence CU(H)(B ∩H)= B ∩N is normal in N .
BN3. There is a set S of involutions which generates N/(B ∩N).
BN4. sBs = B for all s ∈ S.
Since Bi and Ni form a BN -pair for Gi ∼= SL2 and O◦2 (Gi)  Bi , the subgroups Bi
and Ni form a BN -pair for Gi . Hence B = 〈Bi〉ri=1 and N = 〈Ni〉ri=1 satisfy BN3, where
S := {s1, . . . , sr } and si is the involution generating Ni(B ∩N)/(B ∩N) for i = 1, . . . , r .
To check BN4, we need only to notice that 〈Bi, si〉O◦2 (Gi)=Gi and thus the group 〈Bi, si〉
is not solvable. Hence sBis ⊂ B , proving BN4.
PWBN. nBs ⊆ BnB ∪BnsB for all n ∈Nu,v and s ∈ {u,v}.
It follows from the properties of simple algebraic groups Gij that Nij := 〈Ni,Nj 〉 and
Bij := 〈Bi,Bj 〉 form a BN -pair of rank 2 for Gij . Similarly to the previous paragraph,Bij
andNij also form a BN -pair. ThereforeB = 〈Bij 〉ri,j=1 and N = 〈Nij 〉ri,j=1 satisfy PWBN.
Therefore G0 satisfies part (1) of Theorem 3.1. We shall see soon that the following
lemma proves that G0 also satisfies part (2).
Lemma 3.3. Assume that L is isomorphic to one of the following groups: (P )SL3(F ),
SL2(F ) × SL2(F ′), Sp4(F ), G2(F ), where F and F ′ are algebraically closed fields of
characteristic 2. Let B ′ and N ′ be subgroups of L which form a BN -pair for L, U ′ be a
Sylow 2-subgroup of B ′,Q1, Q2 be two parabolic subgroups containingB ′,Ui :=O◦2 (Qi)for i = 1,2, and K a complement to U ′ in B ′. Then there is no proper K-invariant
subgroup X of B ′ such that B ′ =XU1 and B ′ =XU2.
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S = {s1, s2}, such thatQi = B ′〈si〉B ′ for i = 1,2. Assume thatX is aK-invariant subgroup
of U ′ satisfying B ′ = XU1 and B ′ = XU2. Since U1 < U ′, we easily conclude that
X ∩ U ′ = 1. If Y = X ∩ U ′ then Y is a K-invariant subgroup and U ′ = YU1 = YU2. It
is well known (see [2, Proposition 14.4]) that K-invariant subgroups in U ′ are products
of root subgroups, and, if we list the root subgroups in some fixed order, every element of
Y can be written as a product of root elements in a unique way. Now U ′ = YU1 implies
that Y contains the root subgroup Us2 corresponding to s2. Similarly, Y contains the root
subgroup Us1 corresponding to s1. But U ′ = 〈Us1,Us2〉; this fact is easy to check directly
in the case of L= (P )SL3(F ), SL2(F )×SL2(F ′), or Sp4(F ), while in the case L=G2(F )
it follows from the computation of the structural constants Ci,j ;r,s for U ′ done in [8] and
[9, p. 90]. Hence Y =U ′, and B ′ =XU1 XY =X, which completes the proof. ✷
Now we are in position to check, as promised, that G0 satisfies part (2) of Theorem 3.1.
Denote s = si and t = sj , then we can reconcile notation of our proof with that of
Theorem 3.1: Bs = HO◦2(Pi) and Bt = HO◦2(Pj ). If we denote L = Gij and L =
Gij /O
◦
2 (Gij ), then L satisfies the conditions of Lemma 3.3. Also, we can set Q1 = L∩Pi ,
Q2 = L ∩ Pj , U1 = O◦2 (Pi) and U2 = O◦2 (Pj ). It is easy to see that Pij /O◦2 (Gij ) =
HL = CH(L) × L. Hence if X is an H -invariant subgroup of B such that B = XBs
and B = XBt then X ∩ B ′ is a K-invariant subgroup of L such that B ′ = XU1 and
B ′ = XU2. Lemma 3.3, applied to the group L, claims that B ′ = (X ∩ L)O◦2 (Gij ). Since
Bs,t =HO◦2 (Gij ), we have B =XBs,t .
Now Lemma 3.2 follows from Theorem 3.1 and the fact that the set S contains, by
construction, r elements. ✷
Lemma 3.4. Let G be a group of finite Morley rank and (B,N,S) a definable BN -pair
in G. Also assume that the subgroup B is connected and S is finite. Then the BN -pair
(B,N,S) is spherical.
In particular, it follows from Lemma 3.4 that the BN -pair (B,N,S) constructed in the
proof of Lemma 3.2 is spherical.
Proof. Let (B,N,S) be a BN -pair in a group G of finite Morley rank. Let W = N/
(B ∩N). Let S = { si | i = 1, . . . , k } and let ni be representatives of si in N . The minimal
parabolic subgroups Pi = B ∪BniB , i = 1, . . . , k, are definable because B is definable by
assumption. We want to prove that Pi is a connected group. Notice first that if rkB = rkPi
then B = P ◦i ✁ Pi and niBni = B , which contradicts axiom BN4. Hence rkB < rkBniB .
The map
B ×B → BniB,
(b1, b2) → b1nib2
has fibers of equal rank and, since B is connected, the set BniB has Morley degree 1.
Hence Pi = B ∪ BniB has Morley degree 1 and is connected. Notice that ni ∈ Pi . Since
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Hence G = 〈P1, . . . ,Pk〉. Since the groups Pi are connected, one of the special forms of
Zilber’s Indecomposability Theorem [4, Corollary 5.28] states that G is a setwise product
of finitely many of Pi ’s:
G= Pi1 · · ·Pit .
But then
G= (B ∪Bni1B) · · · (B ∪Bnit B),
and a straightforward application of axiom BN5 yields a decomposition ofG into the union





is a disjoint union [5, Proposition 8.2.3], this proves that W is finite. ✷
Lemmas 3.2 and 3.4 together with the former observation thatB is a definable connected
group, prove Theorem 1.1. ✷
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